Tables that have been used as a reference for nearly 50 years for the intensity and polarization of reflected and transmitted light in Rayleigh scattering atmospheres have been found to be inaccurate, even to four decimal places. We convert the integral equations describing the X and Y functions into a pair of coupled integrodifferential equations that can be efficiently solved numerically. Special care has been taken in evaluating Cauchy principal value integrals and their derivatives that appear in the solution of the Rayleigh scattering problem. The new approach gives results accurate to eight decimal places for the entire range of tabulation (optical thicknesses 0.02-1.0, surface reflectances 0-0.8, solar and viewing zenith angles 0
INTRODUCTION
The radiative transfer equations describing the intensity and polarization of light reflected and transmitted by a Rayleigh scattering atmosphere are well known and were solved by Chandrasekhar (1960) . On the basis of these solutions, Coulson et al. (1960) generated tables of quantities describing the radiation emerging from such an atmosphere. These tables have been used as a reference standard for nearly 50 years for checking the veracity of radiative transfer codes and as look-up tables to account for Rayleigh scattering in planetary atmospheres. However, we recently found that the tables were not accurate to one or two units in the fifth decimal place, despite the claim by Coulson et al. (1960) . This is a very serious problem as polarimetry has emerged as an active area of research in astronomy (see, e.g., Stam et al. 2004; Bailey 2007; Berdyugina et al. 2008) , remote sensing of CO 2 (Natraj et al. , 2008 , and O 3 in the terrestrial atmosphere (Guo et al. 2007 ). Measurements of polarization can now be made to a precision of 10 −6 (Hough et al. 2006) . Therefore, modeling of polarization must exceed the same level of accuracy.
In this paper, we examine the problem of Rayleigh scattering from a new perspective, analyze the reasons for the low precision of the previous tabulations, and present higher precision results for future reference. Section 2 describes the basic theory of Rayleigh scattering and introduces the X and Y functions that are central to the problem. The computation of the X and Y functions and their derivatives is discussed in Section 3. Some sample results are presented in Section 4.
We follow the notation of Chandrasekhar (1960) , which is considered elegant and classic. In addition, since we are comparing our results to those compiled in the tables of Coulson et al. (1960) , it is important that we use the same notation as in the tables to minimize confusion. To facilitate comparison with later work that uses alternative notations, we include information on how to convert between them.
BASIC THEORY
Polarized light can be completely described by four quantities (Stokes 1852; Chandrasekhar 1960 ) I, Q, U, and V, where I is the intensity, Q and U describe the linearly polarized radiation, and V refers to the circularly polarized radiation. These quantities are called Stokes parameters. In the following discussion, we first present expressions to compute I and Q, and then those for U. V is not discussed further because it is identically zero for a Rayleigh scattering atmosphere when the incoming light is unpolarized (as is the case for sunlight).
I and Q can further be expressed in terms of radiation in two arbitrary directions at right angles to one another in the plane transverse to the direction of propagation of the radiation. If we call these directions l (parallel) and r (perpendicular), then the following expressions hold:
(1b) Note that the literature is split on the definition of Q. Some (e.g., Hansen & Travis 1974) use the opposite sign convention. Here we use the definition given in Coulson et al. (1960) .
For a Rayleigh scattering atmosphere bounded by a dark surface (surface reflectance = 0), I l and I r can be written in the form (Coulson et al. 1960 )
where τ , μ, and ϕ denote the optical thickness (measured downward from the upper boundary), the cosine of the polar angle (with respect to the outward normal), and the azimuthal angle (measured counterclockwise, looking down, from an arbitrary but fixed direction), respectively. For a horizontally homogeneous atmosphere, only the relative azimuth angle between the outgoing and incident directions is relevant. In this paper, the azimuth angle of incident sunlight is taken to be zero. Subscript "0" refers to the incident direction.
The following expressions hold for the zeroth Fourier components:
where the first two equations refer to diffuse downwelling radiation emerging from the bottom of the atmosphere (BOA) and the latter two are for the diffuse upwelling radiation at the top of the atmosphere (TOA). Note that Hansen & Travis (1974) use b to denote the optical thickness of the atmosphere. The constant C is given by
where π F 0 is the flux of incident radiation (measured perpendicular to the direction of incidence) at the TOA. The depolarization factor for Rayleigh scattering is assumed to be zero, to be consistent with Coulson et al. (1960) . K, L, M, and N can be calculated as follows:
The functions ψ, φ, ξ, η, χ, ζ, σ , and θ are linear combinations of the pairs of X and Y functions (X l ,Y l ) and (X r ,Y r ) (Chandrasekhar & Elbert 1954) 
The unknowns in Equations (6) can be calculated using the following expressions:
where Δ 1 , Δ 2 , c n , d n , κ n , and δ n are given by
A n , B n , α n , and β n are moments of order n of X r , Y r , X l , and Y l , respectively. The constants in Equations (7) and (8) depend only on the optical thickness. The Chandrasekhar X and Y functions (Chandrasekhar 1960 ) in general satisfy the simultaneous nonlinear integral equations
(9b) Ψ is called the characteristic function. (X l ,Y l ) and (X r ,Y r ) have the characteristic functions Ψ l and Ψ r , respectively
The first and second Fourier components can be computed as follows:
where
2 ) have the characteristic functions Ψ 1 and Ψ 2 , respectively:
Stokes parameter U is given by the expression
For the case of nonzero surface reflection, additional terms are necessary to compute the Stokes parameters. If the surface is Lambertian, Stokes parameter U is unaffected. I l and I r can be expressed as follows:
The additional terms I * l and I * r (due to the effect of nonzero surface reflectance) can be described by the following simple expressions:
A is the surface reflectance. The quantitiess and u 5 depend only on the optical thickness
COMPUTATION OF THE X AND Y FUNCTIONS AND THEIR DERIVATIVES
It is clear from the above equations that the central issue in the solution of the Rayleigh scattering problem involves the computation of the various X and Y functions. Coulson et al. (1960) obtained the necessary quantities from tables computed by Sekera & Blanch (1952) , Sekera & Ashburn (1953) , and Chandrasekhar & Elbert (1954) . All of the above relied on an iterative solution of Equations (9) in the integral form. However, due to the singularity introduced by the denominator of Equation (9b), there are convergence issues associated with this technique. Bellman et al. (1966) developed an alternative solution by transforming Equations (9) to a pair of coupled integro-differential equations, which are particularly suitable for numerical solution using computers. 1 I (Upwelling at TOA) for τ = 0.5, μ 0 = 0.2, and A = 0.0 Table 2 I (Downwelling at BOA) for τ = 0.5, μ 0 = 0.2, and A = 0.0 Table 3 Q (Upwelling at TOA) for τ = 0.5, μ 0 = 0.2, and A = 0.0 The initial conditions are the following:
Approximating the integrals by N-point Gaussian quadrature, we obtain
with initial conditions
μ j and w j (j = 1,. . ., N) are, respectively, the Gaussian quadrature points and weights.
Equations (22) can be integrated numerically using a variety of techniques (including, but not limited to, Runge-Kutta and Adams-Moulton algorithms). There are a few advantages of this technique over using the integral equations. First, convergence and nonuniqueness issues associated with the use of the integral equations (Chandrasekhar 1960; Carlstedt & Mullikin 1966) are not an issue here. Second, the limits of the X and Y functions for semi-infinite media are known, and can be used as tests of the precision of the technique. 
The right-hand side of Equation (24a) refers to the Chandrasekhar H functions (Chandrasekhar 1960) . We used the fourth-order Adams-Moulton predictorcorrector algorithm (Moreno-Eguilaz et al. 1994 ) to solve Equations (22) to obtain the X and Y functions at the Gaussian quadrature points. However, these functions need to be evaluated at other angles. For this, we introduce the functions
Note that the Cauchy principal values need to be used for ξ − and ζ − . ξ + and ζ + can be calculated using Gaussian quadrature
However, Gaussian quadrature is not well suited to treating the singularity in the integrals for ξ − and ζ − since the value of the integral is defined by symmetrical approach to the singular point. Here, we use the technique of addition and subtraction (Fuller & Hyett 1968) 
(27b) The integral involving only the characteristic function can be analytically evaluated. The above expressions contain the unknown quantities X(μ) and Y (μ). However, when Equations (26) and (27) are substituted in Equations (9), we 
where ξ − 1 and ζ − 1 are given by
Equations (28) can be solved to obtain the required quantities. The above analysis is sufficient to solve the Rayleigh scattering problem provided μ = μ 0 . In the special case of μ = μ 0 , there is a singularity in the calculation of the transmission functions. Here, we appeal to L'Hôpital's rule. The solution now involves derivatives of the X and Y functions. Differentiating Equations (9), we obtain
where ς ± and η ± are defined as follows:
ς + and η + can be calculated using Gaussian quadrature
(32b) The integrals for ς − and η − are not defined even in the principal value sense. Ioakimidis (1981) showed that derivatives of Cauchy principal value integrals can be evaluated by formal differentiation of the quadrature rule for the corresponding principal value integral. ς − and η − can thus be evaluated by term-by-term differentiation of the right-hand side of Equations (27)
Substituting Equations (33) into Equation (30b), we obtain, after
where ς − 1 and η − 1 are given by
Equations (34) and (30a) can be solved to obtain the derivatives of the X and Y functions. A final point to note is that the characteristic function Ψ l is conservative (Chandrasekhar 1960 
to show the difference in the fifth decimal place. For example, a residual of 5 implies that the Coulson et al. (1960) error is indeed for X l , which is involved in the computation of the zeroth Fourier moment. It is interesting to note that the characteristic function for X l is conservative. All the results have been tabulated to eight decimal places. We confirmed the precision of our results by performing the following tests: (1) increasing the number of quadrature points; (2) increasing the number of integration subintervals; (3) using a different numerical integration technique; (4) comparing with results from the multiple scattering radiative transfer code VLIDORT (Spurr 2006) ; and (5) computing the X and Y functions for very large optical depths and comparing the results with Equations (24).
It is clear that the Rayleigh scattering tables of Coulson et al. (1960) are not accurate even to the degree indicated in their work (one or two units in the fifth decimal place). For example, their results for upwelling intensity at TOA were off by three units in the fourth decimal place for the following parameter values: τ = 0.5, μ 0 = 1.0, μ = 1.0, ϕ = 0
• , and A = 0.8. There are several causes for this. First, they obtained several quantities from tabulations of limited precision. For example, Chandrasekhar & Elbert (1954) computed most quantities only to five decimal places. Second, the integral equations used to solve for the X and Y functions had inherent convergence issues. Third, the derivatives of the X and Y functions required for computing the transmission functions in the solar alucantar were obtained numerically. Finally, the calculations were probably performed using single-precision arithmetic.
CONCLUSIONS
The Rayleigh scattering radiative transfer problem was solved starting from the integro-differential form of the X and Y functions. A fourth-order Adams-Moulton predictor-corrector method was employed to solve for the X and Y functions. Singular integrals arising during the computation of these functions at user-specified angles were evaluated using standard techniques for Cauchy principal value integrals. Further, derivatives of these integrals were evaluated by formal differentiation of the quadrature rule for the corresponding Cauchy principal value integrals. This technique was shown to give results accurate to eight decimal places, even for direct transmission in the direction of the incoming radiation.
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